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Since general relativity is a consistent low energy effective field theory, it is possible to compute
quantum corrections to classical forces. Here we compute a quantum correction to the gravitational
potential between a pair of polarizable objects. We study two distant bodies and compute a quantum
force from their induced quadrupole moments due to two graviton exchange. The effect is in close
analogy to the Casimir-Polder and London-van der Waals forces between a pair of atoms from
their induced dipole moments due to two photon exchange. The new effect is computed from the
shift in vacuum energy of metric fluctuations due to the polarizability of the objects. We compute
the potential energy at arbitrary distances compared to the wavelengths in the system, including
the far and near regimes. In the far distance, or retarded, regime, the potential energy takes on
a particularly simple form: V (r) = −3987 ~ cG2α1S α2S/(4pi r
11), where α1S , α2S are the static
gravitational quadrupole polarizabilities of each object. We provide estimates of this effect.
PACS numbers: 04.60.Bc, 03.70.+k, 04.30.-w, 42.50.Lc
Introduction.—Quantum gravitational effects are often
thought to depend on the details of the unknown full the-
ory of quantum gravity. This is true for phenomena near
the Planck energy. But at low energies, general relativ-
ity is a consistent effective field theory, so this allows, in
principle, access to low energy quantum effects without
knowledge of the microscopic details. For example, this
reasoning led to the determination of a quantum correc-
tion to the Newtonian potential by Donoghue [1] and oth-
ers [2], with result Vmon(r) = −41 ~G
2M1M2/(10 π c
3 r3).
This particular effect applies to particles, from summing
one-loop Feynman diagrams with off-shell gravitons. It
is a quantum force between point-masses, or monopoles.
Corrections from induced higher order multipoles have
not, to our knowledge, been computed in the literature.
However, realistic astrophysical structures, such as stars,
carry non–zero quadrupole polarizability, so higher order
multipoles can contribute.
In this Letter we shall rigorously compute a low energy
quantum gravitational correction to the force between
any pair of localized polarizable objects. We determine
a force from their induced gravitational quadrupole mo-
ments due to quantum fluctuations in the metric. Di-
agrammatically, the effect is associated with two gravi-
ton exchange from 4-point vertices between the sources;
see inset in Fig. 1. To determine this, we shall use the
method of Casimir [3], whereby we compute a shift in the
vacuum energy due to the polarizability of the objects.
In the electromagnetic case, quantum induced dipole
moments lead to the Casimir-Polder force between atoms
or molecules in the far, or retarded, regime [4] and to
the London-van der Waals force in the near, or instan-
taneous, regime [5]. The potential energy is found to
scale as the product of the electric dipole polarizabilities
and is ∝ 1/r7 in the retarded regime and ∝ 1/r6 in the
instantaneous regime, where r is the distance between
the two bodies. For reviews see [6]. Various aspects of
these quantum electromagnetic forces have been studied,
including applications [7], experimental verification [8],
shape dependence [9], cosmology [10], etc.
Since metric fluctuations are sourced by quadrupole
moments, rather than dipole moments, the leading grav-
itational effects carry a different scaling with distance r.
In this Letter we derive the following quantum gravita-
tional contribution to the potential energy in the “far”
and “near” regimes
Vfar(r) = −
3987 ~ cG2
4π r11
α1S α2S , (1)
Vnear(r) = −
315 ~G2
π r10
∫ ∞
0
dω α1(i ω)α2(i ω), (2)
where αi(ω) (with αiS ≡ αi(0)) are the gravitational
quadrupole polarizabilities, to be discussed later. We also
determine the full dependence at intermediate distances.
As opposed to the monopole-monopole quantum effect
mentioned at the beginning, this quadrupole-quadrupole
quantum effect involves on-shell metric fluctuations, but
whose amplitude is set by quantum mechanics.
So, in this Letter, we begin by solving for the Riemann
tensor in classical general relativity due to a quadrupole
moment with frequency ω. Then we introduce the grav-
itational polarizability and determine the conditions for
eigenfrequencies of a two body system. Next we com-
pute the quantum vacuum energy from a sum over these
eigenfrequencies. Finally we determine the force between
the two objects and study it in specific cases.
Riemann Tensor From Quadrupole.—We begin by ex-
panding the metric around flat space as gµν = ηµν + hµν
and define the trace-reversed perturbations h¯µν = hµν −
1
2ηµνh, with h ≡ h
µ
µ, h¯ = −h. Then working in the lin-
earized approximation in the Lorenz gauge (∂µh¯
µν = 0),
the Einstein equations become h¯µν = −16πGTµν (for
convenience we work in units c = 1 and re-instate c in
our final results). The only contribution to h¯µν that will
be associated with a force, arises from the source Tµν .
So we ignore any solutions of the homogeneous equation
2h¯µν = 0 and focus on the particular solution
h¯µν(t, ~x) = 4G
∫
d3y
Tµν(t− |~x− ~y|, ~y)
|~x− ~y|
, (3)
where the energy-momentum tensor is evaluated at the
retarded time t− |~x− ~y|.
Assuming we have a localized source, R ≪ r where R
is the typical size of the source and r ≡ |~x|, we Taylor
expand the retarded energy-momentum tensor to second
order in |~y|/r≪ 1. By Fourier transforming in time and
carrying out the spatial integral
∫
d3y using local conser-
vation ∂µT
µν = 0, we find the following expressions for
the 00, 0i, and ij components of the metric
h¯00(ω, ~x) = 2Ge
iωr
[
−
ω2
r3
xixjIij(ω)
+3
(
1
r5
− i
ω
r4
)
xixjQij(ω)
]
, (4)
h¯0i(ω, ~x) = 2Ge
iωr
(
i
r3
+
ω
r2
)
ω xjIij(ω), (5)
h¯ij(ω, ~x) = −2Ge
iωrω
2
r
Iij(ω), (6)
where Iij is the quadrupole moment and Qij is its trace-
less part
Iij(ω) ≡
∫
d3y ρ(ω, ~y) yi yj, (7)
Qij(ω) ≡ Iij(ω)−
1
3
I(ω) δij . (8)
Here ρ ≡ T 00 is the energy density and I ≡ δijIij . We
have taken ω > 0 which ignores the monopole.
We note that when studying time varying quadrupoles
in the literature, one often tracks the terms ∝ 1/r only,
which dominate at large distances r ≫ ω−1. However,
here we are interested in regimes where r may be smaller
or larger than ω−1, so we have computed the complete
expression to quadrupole order. Our only assumption is
that the size of the source is small compared to other
scales in the problem: R≪ r and R≪ ω−1.
As we will explain, the needed spatial components of
the Riemann tensor are R0i0j . A straightforward, but
technical calculation using the above h¯µν , gives the fol-
lowing result in this linearized approximation
R0i0j(ω, ~x) =
Geirω
r5
Λklij (ω r, ~n)Qkl(ω), (9)
where Λklij is a dimensionless 4-index projection tensor
that depends on the dimensionless product γ ≡ ω r and
unit vector ~n ≡ ~x/r. We find Λklij to be
Λklij (γ, ~n) = −
1
2
[
(6− 6γ2 + 2γ4 − 6iγ + 4iγ3)δki δ
l
j
+(−15 + 9γ2 − γ4 + 15iγ − 4iγ3)(ninkδlj + perm)
+(−15 + 3γ2 + γ4 + 15iγ + 2iγ3)δijn
knl
+(105− 45γ2 + γ4 − 105iγ + 10iγ3)ninjnknl
]
, (10)
where “perm” represents 3 more terms from permuting
i↔ j and k↔ l.
Gravitational Polarizability.—The linearized Einstein
equations may be written as Maxwell-like equations,
yielding the gravito-electromagnetic equations. In the
non-relativistic regime, the gravito-electric field is re-
lated to the Riemann tensor by Eij = R0i0j . We can
define a gravitational quadrupole polarizability α as the
constant of proportionality between an applied gravito-
electric field R0i0j and an induced quadrupole moment
Qij , as follows
Qij(ω) = α(ω)R0i0j(ω, ~x), (11)
where ~x is evaluated at the location of the object it is
polarizing. For simplicity, we are assuming the system
is isotropic, so the polarizability α does not carry any
tensor indices. This definition is analogous to that of
isotropic dipole polarizability in electromagnetism. In
general α will depend on frequency. Dimensionally, we
have [α] = L5/G.
Eigenstate Equation.—Consider two polarizable ob-
jects distant from each other, one located at ~x1 with
quadrupole polarizability α1, the second at ~x2 with α2. A
time dependent quadrupole on the first object Q1ij radi-
ates a gravitational field R10i0j which polarizes the second
object. The second object then acquires a time depen-
dent quadrupole Q2ij which in turn radiates R
2
0i0j and
polarizes the first object. In order for this cycle to be
in phase, the system must organize into normal modes.
Using Eqs. (9, 11), this implies the following conditions
must be satisfied
Q1ij(ω) =
Geirω
r5
α1(ω) Λ
kl
ij (r ω, ~n1)Q
2
kl(ω), (12)
Q2ij(ω) =
Geirω
r5
α2(ω) Λ
kl
ij (r ω, ~n2)Q
1
kl(ω). (13)
Combining this pair of equations gives the eigenstate
equation
Mij ≡ K
kl
ij (ω, r, ~n1, ~n2)Qkl(ω) = 0, (14)
where
Kklij (ω, r, ~n1, ~n2) = δ
k
i δ
l
j
−
G2e2irω
r10
α1(ω)α2(ω) Λ
mn
ij (r ω, ~n1) Λ
kl
mn(r ω, ~n2). (15)
Without loss of generality we choose to place the two
sources separated along the x-axis, by setting ~n1 =
(1, 0, 0) and ~n2 = (−1, 0, 0). By evaluating the above
matrix Mij , we obtain
Mij =

Q11F1 Q12F2 Q13F2Q12F2 Q11F− +Q22F3 Q23F3
Q13F2 Q23F3 −Q11F+ −Q22F3

,
(16)
where F± ≡ (F3 ± F1)/2. Here we have suppressed the
arguments Mij = Mij(ω, r), Qij = Qij(ω), and Fa =
3Fa(ω, r) (a = 1, 2, 3). The Fa are found to be
F1(ω, r) = 1− 36J(ω, r)[3− 3iγ − γ
2]2, (17)
F2(ω, r) = 1− 4J(ω, r)[6 − 6iγ − 3γ
2 + iγ3]2, (18)
F3(ω, r) = 1− J(ω, r)[3 − 3iγ − 3γ
2 + 2iγ3 + γ4]2, (19)
(γ ≡ ω r), where
J(ω, r) ≡
G2e2iωr
r10
α1(ω)α2(ω). (20)
Eigenstates.—The matrix equation Mij(ω, r) = 0 is
only satisfied by special frequencies and quadrupole mo-
ments. This defines a set of eigenstates. Since we have
quadrupole moments, we have eigenmatrices Qij(ω) (in-
stead of eigenvectors pi(ω) that appear in the electromag-
netic case [11]). By searching for solutions of Mij = 0,
we are able to systematically determine each of the eigen-
states, which we find come in 3 distinct cases:
(a) A set of non-degenerate eigenstates
Q
(a)
ij =

Q11 0 00 −Q112 0
0 0 −Q112

 with F1(ω, r) = 0. (21)
(b) A set of doubly degenerate eigenstates
Q
(b)
ij =

 0 Q12 Q13Q12 0 0
Q13 0 0

 with F2(ω, r) = 0. (22)
(c) A set of doubly degenerate eigenstates
Q
(c)
ij =

0 0 00 Q22 Q23
0 Q23 −Q22

 with F3(ω, r) = 0. (23)
This provides the complete set of eigenstates of the sys-
tem. By solving the equations F1 = F2 = F3 = 0 the
eigenfrequencies are specified.
Vacuum Energy.—The leading quantum correction to
the potential energy arises from a one-loop effect from
two graviton exchange; see inset in Fig. 1. This may
also be viewed as a shift in vacuum energy due to the
polarizability of the objects. The corresponding potential
energy is given by the sum over eigenfrequencies V (r) =∑
n ~ωn/2 −
∑
n ~ ω˜n/2. We have indicated that V =
V (r) since the eigenfrequencies depend on the distance
between the sources. The frequencies ωn refer to the
system at some finite distance r. The frequencies ω˜n refer
to the system at some large separation r˜; we shall take the
limit r˜ → ∞ at the end of the calculation. We subtract
off the latter as only energy differences are important.
Following a technique used in the electromagnetic case
[11], we make use of Cauchy’s argument principle [12] in
order to convert these sums to integrals. The argument
principle states that for an analytic function g(z) and a
meromorphic function f(z)
1
2πi
∮
C
dz g(z) ∂z ln[f(z)] =
∑
n
g(zn)−
∑
p
g(zp), (24)
where C is a simple contour. The first sum is over all
zeros zn of f(z) counted with their degeneracies and the
second sum is over all poles zp of f(z) counted with their
orders.
We choose g(z) = ~ z/2 and f(z) = F (z, r)/F (z, r˜),
where the “master” function F (ω, r) that we need to in-
tegrate has zeroes for each eigenfrequency of the system.
It is given by the product
F (ω, r) = F1(ω, r)F2(ω, r)
2 F3(ω, r)
2, (25)
where the various powers come from the degeneracy for
each corresponding eigenfrequency: (a), (b), (c).
We note that the poles of F (z, r) are identical to the
poles of F (z, r˜), since they can only arise from poles of
αi(z), which are independent of r. So the poles of F
cancel out of f . The argument principle then says that
the vacuum energy V (r) =
∑
n ~ωn/2 −
∑
n ~ ω˜n/2 can
be expressed as
V (r) =
1
2πi
∮
C
dz
~ z
2
∂z ln
[
F (z, r)
F (z, r˜)
]
, (26)
where the contour encloses all the zeros of F . Deforming
the contour to an integral over the positive imaginary
axis and integrating by parts gives
V (r) =
~
2π
∫ ∞
0
dω ln
[
F (i ω, r)
F (i ω, r˜)
]
, (27)
with z = i ω.
Quantum Gravitational Potential.—Substituting the
expression for F in Eqs. (17–19, 20, 25) into Eq. (27), tak-
ing r˜ →∞, and Taylor expanding the logarithm to lead-
ing order for large r ≫ R (as our analysis is only valid in
that regime) we obtain our primary result (re-instating
factors of c)
V (r) = −
~G2
π r10
∫ ∞
0
dω S(ω r/c)α1(i ω)α2(i ω), (28)
where
S(γ) ≡ e−2γ
[
315 + 630γ + 585γ2 + 330γ3
+129γ4 + 42γ5 + 14γ6 + 4γ7 + γ8
]
(29)
(γ ≡ ω r/c). For any given choice of gravitational polar-
izabilities αi(ω) (i = 1, 2) this integral can, in principle,
be performed, giving a definite quantum gravitational
correction to the force between polarizable objects.
Limiting Cases.—In the far regime r ≫ ω−10 c, where
ω0 is some characteristic frequency of response in the
system, the exponential in S enforces that only the static
polarizability αi(i ω) → αiS ≡ αi(0) contributes. Then
4FIG. 1. Potential energy V in simple harmonic model di-
vided by near result Vnear as a function of distance r (in units
ω−1
0
c, with ω1 = ω2 = ω0). Solid (blue) is the exact result
V (r)/Vnear(r). Dotted (red) is the far result Vfar(r)/Vnear(r).
Inset is corresponding loop diagram of gravitons (purple wig-
gly lines) between polarizable sources (orange disks).
carrying out the integral, we obtain the result reported
earlier in Eq. (1). This is analogous to the Casimir-Polder
force between electrically polarizable objects [4].
In the near regime r ≪ ω−10 c, we can replace
S(ω r/c) → S(0) = 315, to simplify V . This gives the
result reported earlier in Eq. (2). Note that factors of c
cancel out in this regime, as this is the non-relativistic
limit. This is analogous to the London-van der Waals
force between electrically polarizable objects [5].
Simple Harmonic Model.—For realistic systems, the
gravitational polarizability αi(ω) of each object can be
a complicated function of frequency. However, for def-
initeness, let us consider a simple model in which each
object’s response is characterized by a single harmonic
oscillator with frequency ωi. The polarizabilities may be
written as [13]
αi(ω) =
αiS
1− (ω/ωi)2
. (30)
In this case the integral over frequency in the near
regime may be performed analytically, with the result
Vnear(r) = −
315 ~G2
2 r10
ω1 ω2
ω1 + ω2
α1S α2S . (31)
Furthermore the full result in Eqs. (28, 29) can be deter-
mined. Although we do not have an analytical expression
for the full integral, the result can be readily determined
numerically. In Fig. 1 we plot the potential V (r) divided
by the near approximation Vnear(r) as a function of dis-
tance r. We also include the far approximation Vfar(r)
for comparison.
For a simple system, such as an elastic sphere, one
can compute the static polarizability αiS in this sim-
ple harmonic model. One should apply the geodesic
deviation equation D2∆µ/dτ2 = RµνρσU
νUρ∆σ, in the
non-relativistic limit, to each infinitesimal part of the
system and integrate, using Newton’s law for each in-
finitesimal spring. If the object has radius Ri, mass
Mi, frequency ωi, then dimensional analysis readily gives
αiS ∼ MiR
2
i /ω
2
i . Now an important reference frequency
is Ωi ≡
√
GMi/R3i which is of the order of the orbital fre-
quency of a gravitationally bound system. One expects
Ωi to set a lower bound on ωi for any physical system.
Altogether we can approximate the far and near
regimes as
Vfar(r) ∼ −
~ c
r
(
Ω1Ω2
ω1 ω2
)2
R51 R
5
2
r10
, (32)
Vnear(r) ∼ −~ωmin
(
Ω1Ω2
ω1 ω2
)2
R51 R
5
2
r10
. (33)
(ωmin ≡ Min{ω1, ω2}). For electrically bound systems,
such as atoms, ωi ≫ Ωi, the result is suppressed. For
gravitationally bound systems, ωi ∼ Ωi, the result is
largest.
In the near regime, we compare to the monopole-
monopole result [1, 2] Vmon(r) ∼ − ~G
2M1M2/(c
3 r3).
We get Vnear(r)/Vmon(r) = O((Ω/ω0)
4(R/RS)
3/2(R/r)7),
where RS is the Schwarzschild radius. The regime of
validity of our quadrupole-quadrupole result is formally
R ≪ r, but taking this hierarchy of scales to be modest
and ω0 ∼ Ω, this new result can in principle be larger
than the monopole-monopole correction for R≫ RS .
Stars.—For a more careful analysis of α in realis-
tic gravitationally bound compact systems, we turn to
the literature, where it has been computed for various
kinds of astrophysical objects [14]. Dimensional analy-
sis [α] = L5/G is suggestive of the scaling. To extract
a dimensionless measure of polarizability, one normally
defines the so-called “Love number” k ≡ −3GαS/(2R
5).
The Love number depends primarily on the object’s com-
pactness C ≡ GM/(R c2) and equation of state. In the
case of neutron stars and self-bound quark stars, for ex-
ample, [15] finds values of order k = O(10−1), depend-
ing on parameters. In the far regime (applicable for dis-
tant binaries) we have Vfar(r) = −β ~ cR
5
1R
5
2/r
11, with
β ≡ 443 k1 k2/π = O(1). Consistency requires R1,2 ≪ r,
so this gives |Vfar(r)| ≪ ~ c/r; an extremely small en-
ergy compared to the classical Newtonian potential en-
ergy VN (r) = −GM1M2/r.
Black Holes.—A natural object for the study of quan-
tum gravity effects is a black hole. Some authors have
claimed that the Love number of Schwarzschild black
holes is k = 0 [16]. This would imply our quantum force
vanishes in this case, though it may be non-zero for other
types of black holes.
Discussion.—We have computed a new quantum grav-
itational force in the low energy regime between any pair
of localized objects. This complements the point-particle
5result in the literature [1, 2]. This is a rare, precise, and
definite prediction of quantum gravity, independent of
the details of its UV completion. So a consistency test
of any candidate UV complete theory is that this force is
recovered at low energies. The general result is given in
Eqs. (28, 29), with far and near limits given in Eqs. (1, 2).
Some given applications are to simple harmonic models,
neutron stars and black holes.
Unlike the point-particle result, this new force depends
on the intrinsic material properties of the objects through
their gravitational quadrupole polarizabilities (analogous
to the electromagnetic Casimir-Polder and London-van
der Waals forces). As such it represents a type of quan-
tum violation of the equivalence principle. A clear ex-
ample of equivalence principle violation is in Ref. [17],
whereby the motion is different between spin 1 and spin
0 particles. In contrast here we see a difference in motion
due to different gravitational polarizabilities.
Of course in ordinary circumstances, the effect is ex-
tremely small. In order to increase the size of this
quantum force, relative to the classical force, one needs
small, nearby objects and negligible corrections from
other forces. A speculative example of this sort, would
be nearby microscopic clumps built out of heavy sterile
neutrinos.
Future work includes extending these quadrupole-
quadrupole quantum gravity results to other multi-
pole moment contributions. Potentially there can be
monopole-quadrupole cross terms, and others, that could
be interesting. The monopole-monopole, or point-
particle, result for the potential energy is ∝ 1/r3, while
our new quadrupole-quadrupole result, in the retarded
regime, is ∝ 1/r11. We expect a monopole-quadrupole
contribution to be ∝ 1/r7.
Our calculations use the quantum vacuum energy of
metric fluctuations in the presence of polarizable sources,
while the point-particle calculations utilize a sum over
Feynman diagrams of quantum particles. Future work
would be to establish a unified framework to compute
all such phenomena, perhaps through the development
of effective Feynman vertices for polarizable sources.
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